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I have been exatﬁining the problem of how to
efficiently store, in the Apollo Guidance Computer, ephemeris
data giving the position of the moon as a function of time. The
concrete results obtained so far indicate that is is possible to ' -
give three, eighth degree polynomials in time whose values agree
within about a mile with the rectangular coordmates of the moon
over a two week perlod

. A program has been written for the Honeywell 800
Computer Whlch calculates the coefficients of the polynormal of
’ given degree which approximates the input data to the program '
with the least maximum error. This program was used to
calculate polynomials fitting the x, y and z coordinates of the
‘moon in the earth centered ecliptic coorcinate system for the -
period from January 1, 1951 to January 15, 1951. The lmaiimum

errors are:

X coordinate 0. 97 mi.,
y coordinate - 0. 84 mi.
z coordinate ' 0.11 mi.

Slnce the maximum errors in the three coordinates oceur s1multa—
neously on January l and January 15 the maximum vector error is

1.3 mi -\/(O 97) + (0. 84) + (0. 11)

Because the z axis in this coordlnate system is perpendicular to. .
the ecliptic plane and the moon's motion is nearly in the ecliptic -




plane, the variation of the moon's z coordinate is only about .
one tenth as large as the variations of its x and y coordinates ' -,
as it'revolves about the earth. This fact probably accounts o
for the relatively small z coordinate error,

'Mé're computer runs are planned to determine how
rapidly the maximum errors decrease. as the dégrees of thei
: approximating polynomials are increased and to determine the
effect of the length of the time interval over which the ephemeris
data is approximated on the error. Lunar position data from other '
two week periods will also be fitted to fina oﬁt if the errofdepe_:nds
appreciably on the date.

' The remainder of this note is a brief discussion of the .
lunar position approximation problem. Two approaches to this =
problem are (a) to solve the equations of motion of the moon and
(b) to fit the rectangular coordinates of the moon with ordmary
polynomials or truncated Fourier series. Approach (a) is an
approximation if, to facilitate computation, either some of the,' :

-forces acting on the mo'o"ﬁ' are left out of the equ‘ations of motion o‘r‘

' the differential equations are not solved exactly. The tables of the

p081t10n of the moon given in the Amerlcan Ephermeris were obtamed

by evaluating 1600 terms of a series solutlon of the complete set

of lunar equations of motion., This series solution was worked out '

by the American astronomer Brown. '
Mr. R. Hutchmson‘of the Instrumentation Laboratoryv )

has investigated the feasibility of using Brown's series for on-board

computation of the moon's position. If all of the 1600 terms Worké_d

odt by Brown are retained, the series is supposed to give the‘ ‘

| position of the center of the moon within a mile for a century or more.

(Reference 1, page 99. The Naval Observatory workers probably

feel that their tabulated positions of the moon are more accurate

than this. In the American Ephemeris the Longitude and Latltude of

the moon are given to the nearest 0.0l second corresponding to

0.012 milé and the hor'izontal parallax of the moon is tabulated to
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0.001 second corresponding to 0.06 mile. The question of the
accuracy of ephemeris tables needs further clarification, ') 1t Was
hoped that if high accuracy is only required for a period of a feW B
weeks almost all of the terms of Brown's series could be 1gnor‘ed;.,‘

However, Mr. Hutchinson‘s calculations indicate that, for

. accuracies on the order of a mile, a prohibitively large number of

terms must be retained even to represent the moons motion over
short periods of time. Mr. Hutchinson's conclusions are consistent
with Dr. Battin's experience in writing the moon-planet subroutine
used with the Honeywell 800 Computer for preliminary space tra-
jectory»calcullations. This subroutine calculates the moon's position
using the thirty largest terms from Brown's series, and the errors |
in the lunar positions calculated using the subroutine are on the
order of 200 miles, although the approximation is this accurate over
a period of years. (Reference 2) o
The differential equation approach to calculating lunar
position can be made feasible for on-board calculation by leaving
some of the forces acting on the moon out of the equatlons of motion,
If all forces except the earth's attraction are neglected the problem
becomes particularly simple since the two-body problem can be’
solved analytically. Reference'l states that the perturbative force

of the sun on the moon is’only 89 times smaller than the earth's

‘attraction. The author of reference 1 calculates from this that, af'ft"ei-

three days, the moon's orbit will deviate from an originally oscullatmg
two- ~-body trajectory by about 600 miles.’ Therefore, the two- body '
approximation is not adequate for primary lunar position calculatloﬁs
although it might be useful for interpolation, ~ After the attractioh of

the sun the next largest perturbing force, the force due to the oblateness
of the earth, is a miliion times smaller than the primary earth attract- ,
ing force according to reference 1. A perturbing force of this magnitude
would cause a deviation of the order of a mile over a two week period.

Thus the three body, moon-earth-sun, approximation is capable of one

' mile or better accuracy while the differential equations can be handled



Inorder to make a rough estlmate of the accuracy of such an’

'approxunatlon assume that the moon’s orbit is a two~body L

by numerical methods without difficulty. My opinion is that t‘ni‘s?' |

',approach to lunar p051t10n calculatlon is less rough and ready

than flt‘ung the lunar p051t10n data with polynomials and. that 1t 1S
more susceptible to human error but that it is a practlcal method
. Approach (b) mentioned above is to apply curve "
fitting methods directly to the ephemerls data without makm‘g
use of the lunar equations of motion.. Smce the moon’s orbit 1s

nearly circular it was suggested that the moon ’s position m1gh§ o

be closely approx1mated by equatlons of the form’

‘x=A +A 81n(Wt+8)
e y= B + B”;:sm (wt + ¢1)
‘;z“:C +C 51n(Wt+t//)

elllpse whose eccentrlclty e is.0,055, the mean eccentmclty of

the moon’s ‘true orbit, and Whose seml—major axis a is. 240, OOO

,‘mlles. Since the motion in a two-body elhpse is perlodlc, the X

component of the vector from one body to the other can be expandgd

in a Pourier series,

X _ . ; . |
S = by + by sin (wt+ p,)+ by, sin (2wt + Pt ... (2)

The coefficient b2 of the second harmonic term should be an

estimate of the accuracy of eouahon L. Z]:he; coeffl cients of the

series (2) are given on page 79 of reference 3. The coefficient of -

the second harmonic term is given by the formula

1 1.3, 1 _5
b2—§ ze t+ qpe T .

Plugging in e = 0. 055 we find that b2 = 0. 027, and the accuracy of

the approximation given in equation (1) is

(0.027) (240, 000) = 8, 000 miles



'This error estlmate may be several times t0o large, but at )

‘approxn.maalon formulas Probably the most appropmate
" additional terms are hlgher harmomc trlgonometrlc terms

' Smce trigonometricisines are calculated on the Apollo Guldance

“ —

least it mdlcates that addltlonal terms are necessary in the -

Computer by evaluatmg a-ninth degree polynomlal approx1ma-— _
tion,. it would take less Computer time 1f polynomlal appromma— ca
tion were used dlrectly ' ‘
The numerical results on polynomlal fitting’ of
ephemeris data have already been given. Theoretlcally,
according to the Weierstrass approximation theorem, any
continuous function can be approximated to any desired accuracy
by a polynomial of sufficiently high degree. From a practical
standpoint the degree of the polynomial may be prohibitively
high. It must also be noted that polynomlals cannot be evaluated
withiout-sonie roundofi-error. bnebyenev proved that for a
given continuous function there is a unique polynomial of given
degree with least maximum deviation from the given continuous
function. When approximating the continuous function with the
best possible polynomlal of degree N, the maximum deviation
will occur for at least N + 2 values of the independent variable.
(Under ordinary circumstances the maximum deviation occurs
exactly N + 2 times). 'Furthermore, one has the best polynormal
approximaf:ion of degree N in the sense of least maximum S
deviation if he has an Nth degree polynomial aporoximation whose
error curve has N + 2 extrema with equal heights and alternating
signs. Reference 4 discusses this mefhod of polynomial fitting

and gives many examples. _
The velocity of the moon is needed in on-board = .-

‘calculatlons when changmg from earth centered to moon centered

coordlnates and vice-versa. An easy way to obtain the approx1mate

velocity of the moon would be to differentiate the approximating

_polynomial, There has not yet been time to test this method




‘thoroughly by comparing the numerical derivative of the o
ephemeris data with the derivative of the approximating '

polynomlals The er'r'Or' in the value of a velocity component s

obtained by dlfferentlatmg the approx1mat1ng polynom1a1 is.

equal to the derivative of the error curve for the approx1mahng

polynomial. Chords-we’re drawn to the error curves from the"
January 1951 curve fitting run and their slb’pes were calculated ©

to obtain the following Values for the maximum velocity errors

max1mum X coordmate veloc;1ty error .43 mph -~

0
maximum y coordmateiiavelomty error ;- " 0.35 mph
o ~imax1mum z coordinat '3veloc1ty error 0.'04 mph.
. 0.54 .mp'h .

maxunum vector veloc1ty error

O R s:;: e
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